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ON A QUESTION OF KULSHAMMER FOR REPRESENTATIONS OF 
FINITE GROUPS IN REDUCTIVE GROUPS 
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To Burkhard Kiilshammer on his sixtieth birthday 


Abstract. Let G be a simple algebraic group of type G 2 over an algebraically closed field 
of characteristic 2. We give an example of a finite group T with Sylow 2-subgroup r 2 and 
an infinite family of pairwise non-conjugate homomorphisms p: T —>■ G whose restrictions to 
r 2 are all conjugate. This answers a question of Burkhard Kiilshammer from 1995. We also 
give an action of T on a connected unipotent group V such that the map of 1-cohomologies 
H^(r, V) —>■ H^(rp, V) induced by restriction of 1-cocycles has an infinite fibre. 


1. Introduction 

Let k be an algebraically closed field and let L be a finite group. By a representation of 
r in a linear algebraic group H over fc, we mean a group homomorphism from L to H. We 
denote by Hom(r, H) the set of representations p of L in iL; this has the natural structure of 
an affine variety over k (see, e.g., [11, II.2]). The group H acts on IIom(r, H) by conjugation 
and we call the orbits H ■ p conjugacy classes. 

If either char(A;) = 0 or char(fc) = p > 0 and |r| is coprime to p, then every representation 
of r in GLn{k) is completely reducible and IIom(r, GL„(/c)) is a finite union of conjugacy 
classes, by Maschke’s Theorem. Now suppose that char(/c) = p > 0 and p divides |r|. It is no 
longer true that Hom(r, GL„(fc)) is a finite union of conjugacy classes—for example, this fails 
even for n = 2 and T = Cp x Cp (cf. the last paragraph of the proof of Theorem 1.2 below). 
Let Tp be a Sylow p-subgroup of T. It is natural to ask instead whether representations 
of T are controlled by their restrictions to Tp. Burkhard Kiilshammer raised the following 
question in 1995 in [5, Sec. 2] (see also [11, L5]). 

Question 1.1. Let G be a linear algebraic group and let a G IIom(rp,G). Are there only 
finitely many conjugacy classes of representations p G IIom(r, G) such that p|rj, is conjugate 
to cr? 

Straightforward representation-theoretic arguments show that the answer is yes if G = 
GL„(A;) (see [5, Sec. 2]). On the other hand, an example of Gram with p = 2 shows that the 
answer is no in general if we allow G to be non-connected and non-reductive [4]. 

For the rest of this paper, we assume G is connected and reductive. Slodowy proved that 
the answer to Question 1.1 is yes under some extra hypotheses [11]; we briefly summarise 
his results. If one embeds G in some GL„(/c), then IIom(r,G) embeds in IIom(r, GL„(/c)). 
Given p G Hom(r, G), the set (GL„(/i;) • p) O Hom(r, G) splits into a union of G-conjugacy 
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classes; in the first part of his paper, Slodowy applies a beautiful geometric argument due 
to Richardson [8] to show that this union is hnite when p is good for G, which allows one to 
deduce a positive answer to Question 1.1 for G from the positive answer for GLn{k) [11, 1.5, 
Thm. 3]. 

The second part of Slodowy’s paper gives a different criterion for Question 1.1 to have 
positive answer: he shows that if cr(rp) has reduced centralizer in G then there are only 
hnitely many conjugacy classes of representations p G Hom(r, G) such that plr^ is conjugate 
to a [11, II.4, Cor. 1]. An important ingredient in this proof, which dates back to work of 
Andre Weil, is that one can interpret elements of the tangent space to IIom(r,G) at p as 
elements of the space of 1-cocycles Z^(r, g), where g denotes the Lie algebra of G and T acts 
on g by 7 • X = Ad(p( 7 ))(A). In fact, Slodowy proved a more general hniteness criterion in 
terms of the “inseparability defects” of p and plr^ [11, IL4, Thm. 2]^. The case of arbitrary 
connected reductive G was, however, still left open. 

In this note we show that the answer to Question 1.1 is no in general for connected 
reductive G. We prove the following result. 

Theorem 1.2. Suppose G is a simple algebraic group of type G 2 and char(/c) = 2. Let q > 3 
be odd, let D 2 q denote the dihedral group of order 2q, let T = D 2 q x C 2 = {r,s, z \ r^ = 
s^ = = l,srs“^ = r“^, [r,z\ = [s, 2 ;] = 1) and let r 2 = {s,z) (a Sylow 2-subgroup of T). 

Then there exist representations pa G Hom(r, G) for all a & k such that the pa are pairwise 
non-conjugate and the restrictions Pa|r 2 o,re conjugate for all a & k. 

In [2, Sec. 7] the authors and Tange constructed families of hnite subgroups of G = G 2 
in characteristic 2 with unusual properties (note, for example, that [2, Ex. 7.15] shows that 
Richardson’s argument can fail in bad characteristic). Our proof of Theorem 1.2 involves a 
modihcation of this construction. 

Our results can be interpreted in the language of nonabelian 1-cohomology (see Section 3). 
Let T act by group automorphisms on a unipotent group V. One can form the 1-cohomology 
H^(r, V), and the inclusion of Tp in T gives a map 0 from II^(r, V) to II^(rp, V) induced by 
restriction of 1-cocycles. 

Theorem 1.3. Let p = 2, let q > 3 be odd and let T = D 2 q x G 2 . There is an action ofV 
on a connected unipotent group V such that the map 0 has an infinite fibre. 

This is in sharp contrast to the case when V is abelian: standard results from abelian 
cohomology (cf. [3, III, Prop. 10.4]) show that if V is an abelian unipotent group (e.g., a 
hnite-dimensional vector space over k) on which T acts by group automorphisms then 0 
is injective. In fact, Slodowy uses precisely this result in the special case when V is the 
T-module g on the way to proving [11, 11.4, Thm. 2] (see [11, 11.4, Lem.]). 

Lond gave a different example with 0 having an inhnite hbre [7, Ex. 4.1], using the 
example of Cram discussed above. In our case, the group V is the unipotent radical of a 
parabolic subgroup P of a simple group G of type G 2 , and T acts on V by conjugation, via a 
homomorphism cr: T —P. Theorem 1.3 follows quickly from the construction in Section 2 
(see Section 3). 


^This result actually holds for non-reductive G as well. 
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2. Proof of Theorem 1.2 


Until the end of this section we take G to be a simple algebraic gronp of type G2 and 
char(/c) to be 2 . We recall some notation from [ 2 , Sec. 7]. The positive roots of G with 
respect to a hxed maximal torns T and a hxed Borel snbgronp containing T are a (short), /? 
(long), a + j3, 2a + /3, 3q; + /3 and a; := So;+ 2/3. Given a root 5, we denote the corresponding 
root gronp by Us and coroot by 5'^. We fix a gronp isomorphism ks'- k ^ Us- We write Gs for 
([/ 5 U U-s) and we set ss = R 5 ( 1 )k_ 5 ( 1 )r 5 ( 1 ); then ss represents the reflection corresponding 
to 5 in the Weyl gronp of G (since char(/c) = 2 , ss has order 2 ). 

Fix t G snch that \t\ = q. For a E k, define pa G Hom(F, G) by 

pa{r) = t, Pa{s) = S«R^(a), Pa{z) = Ra;(l)- 

It is easily checked that this is well-defined (note that [G^, G^^] = 1). Set u{x) = K/ 3 {x)K 3 a+i 3 {x) 
for X E k. Then u{x) commntes with U^ and u{x)sau{x)~^ = (see the first para¬ 

graph of [2, p. 4307]). It follows that u{^/a) ■ (poira) = Palrj- 

To complete the proof of Theorem 1.2, we now need to show that the pa are pairwise non¬ 
conjugate. Let a,b E k and suppose g ■ Pa = Pb for some g E G. Then g G Ccit). It follows 
from [2, (7.1) and (7.2)] that Gcit) = TG^ (this is where we need our assumption that g > 3; 
cf. [2, (7.7)]). So write g = hm with h E T and m E G^j. We have {hm)saKu}{a){hm)~^ = 
SaK-uiib), so hSah~^{hm)K^{a){hm)~^ = SaK^{b) since m commutes with Sa- Now GaUG^^ = 1 
(see the paragraph following [2, (7.8)]), so the condition hsah~^{hm)Ki^{a){hm)~^ = SaH^ib) 
forces h to commute with Sq, as hsah~^ E Ga and {hrn)Ki^{a){hm)~^ G G^. A simple 
calculation now shows that h E ker(Q;) C G^. Hence g E G^. But G^j is a simple group 
of type Ai, so the pair (^^^(a), ^^^(1)) is not Ga;-conjugate to the pair (Raj(&), Raj(l)) unless 
a = b. We conclude that pa and ps are not conjugate if a 7 ^ 6 , as required. 

Remarks 2.1. (i). Choose an embedding z of G in some GL„(A:). Then the representations 
zop„ of F in GLn{k) fall into finitely many GL„(fc)-conjugacy classes, since Question 1.1 has 
positive answer for GL„(fc). Hence there exists a E k such that {GLn{k) ■ pa) fl Hom(F,G) 
is an inhnite union of G-conjugacy classes. This gives another example of the phenomenon 
in [2, Ex. 7.15] discussed above. 

(ii). It follows from Slodowy’s result [11, H.4, Thm. 2] discussed above that pa has greater 
inseparability defect than Pa|r 2 for at least one a E k. In fact, it can be shown using the 
calculations in [ 2 , Sec. 7] that if a 7 ^ 0 then pa has inseparability defect 1 and Pa|r 2 has 
inseparability defect 5. This answers a question of Slodowy [11, H.4, Rem. 2]. 

We do not know of any analogous examples in odd characteristic; recall from the discussion 
in Section 1 that if such an example exists then p must be bad for G. Our construction is 
closely related to the construction of a certain triple (G, M, H) in [ 2 , Sec. 7], where G = G 2 , 
M is a reductive subgroup of G and 77 is a finite subgroup of M. We guess that further 
examples can be obtained from other triples (G, M, 77) with similar properties, but we leave 
this for future work. The mechanism for producing these triples works only in characteristic 
2 (see the paragraph following [15, Rem. 1.6]). Uchiyama found triples (G, M, 77) for G of 
type Ej [15, Sec. 3], and showed that the construction fails for several cases involving groups 
of rank at most 6 , including A 3 , A 4 , and Eq [14, Thm. 3.1.1, Gh. 4]. 

It seems an interesting problem to hnd examples like that of Gram [4] but in odd charac¬ 
teristic, where we allow G to be non-reductive. 
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3. Nonabelian 1-cohomology 

Another approach to Kiilshammer’s problem is via the 1-cohomology of the unipotent 
radical Ru{P), where P is a proper parabolic subgroup of G. Here is a brief explanation. 
Recall that a closed subgroup M of G is said to be G-completely reducible if whenever M is 
contained in a parabolic subgroup P of G, M is contained in some Levi subgroup of P [10], 
[9]. As a special case, we say that M is G-irreducible if M is not contained in any proper 
parabolic subgroup of G at all. We say that p G Hom(r, G) is G-completely reducible (resp., 
G-irreducible) if its image is. 

Although in general Hom(r, G) is an infinite union of conjugacy classes for reductive 
G, it was proved in [1, Cor. 3.8] that there are only finitely many conjugacy classes of 
representations that are G-completely reducible. This generalizes the classical result that a 
hnite group admits only hnitely many completely reducible n-dimensional representations 
in any characteristic. Moreover, it follows from [1, Cor. 3.7] that the conjugacy classes of 
G-completely reducible representations of T in G are precisely the conjugacy classes that 
are Zariski-closed subsets of Hom(r, G). Given p G Hom(r, G), choose a minimal parabolic 
subgroup P of G with /9(r) C P. Let L be a Levi subgroup of P and let tt: P —)■ L be 
the canonical projection. It follows from [1, Cor. 3.5] that a := vr o p g Hom(r,L) is L- 
irreducible and G-completely reducible. Conversely, given G-irreducible a G Hom(r,G), we 
can consider the set G^ of all p G Hom(r, P) such that n o p = a. By the result described in 
the first sentence of this paragraph, there are only finitely many possibilities for (P, L, a) up 
to G-conjugacy. Hence if G C Hom(r,G) is an infinite union of G-conjugacy classes then 
for some triple {P,L,a), G^j must meet inhnitely many G-conjugacy classes in G. Thus we 
have reduced the “global” problem of considering all representations into G to the “local” 
problem of considering all representations into a fixed proper parabolic subgroup P. 

Next we study the structure of G^ for fixed {P,L,a). Let V = Pu{P). Given p G Go-, 
there is a unique function 6p\T V defined by p{^) = 9p{pf)a{pf). It is easily checked 
that 9p satisfies the 1-cocycle relation 6 ^^( 7172 ) = 6 *p( 7 i)( 7 i ■ 9p{p^2))) where T acts on V by 
■j ■ V = a{j)va{'y)~^ . The converse is also true, so we have a bijection between Go- and the 
space of 1-cocycles Z^(r,(j, H). A simple calculation shows that p, p G G^ are H-conjugate 
if and only if the images 9p of 9p and 9^ of 9^ in H^(r, cr,H) are equal. Thus we have an 
interpretation of H-conjugacy classes in G^ in terms of 1-cohomology (cf. the proof of [11, 
1.5, Lem. 1]). 

This idea has been used in a slightly different context to study embeddings of reductive 
algebraic groups inside simple algebraic groups [6], [12], [13], [7]. In our case we have an extra 
ingredient arising from restriction of representations. The restriction map from Hom(r, G) 
to Hom(rp,G) maps G„ to Restriction of cocycles gives a map from Z^(r,cr, H) to 

Z^(rp, (T|rp, R) which is compatible with the correspondence between representations and 
1 -cocycles, and this descends to give a map 0 from H^(r,(T, R) to H^(rp, ctItj,, R). See [7, 
Ch. 3-4] for a fuller explanation. 

Now we recast our example in this language. Let G, A;, T, r 2 and the pa be as in Section 2. 
Set P = Pa, L = La and R = Pu{Pa), and dehne a G Hom(r,L) by a{r) = t, a{s) = Sa 
and a{z) = 1. Then a is L-irreducible and every pa belongs to G^-. Let 9a G Z^(r,cr, R) 
and 9'^ G Z^(r 2 , cr|r2, R) be the 1-cocycles corresponding to pa and Pa|r2) respectively. The 
calculations in Section 2 show that the Pa|r2 are pairwise R-conjugate, so the 1-cohomology 
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classes 9'^ G H^(r 2 , cr|r 2 ,1^) are equal for all a E k. In contrast, no two of the pa are V- 
conjugate (since no two are G-conjugate), so the 1-cohomology classes 9a G H^(r,(T, F) are 
all different. Thus we have an example where the map 0 from H^(r, a, V) to H^(r 2 , cr|r 2 , V) 
has an inhnite hbre (cf. [7, Ex. 4.1]). 

We do not know of any analogous examples in odd characteristic; cf. the discussion at the 
end of Section 2. 
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